Problem 6. Intertwining operators  by Xu, Yuan
Journal of Computational and Applied Mathematics 178 (2005) 535–536
www.elsevier.com/locate/cam
Problem 6. Intertwining operators
Yuan Xu
Department of Mathematics, University of Oregon, Eugene, OR 97403-1222, USA
Consider the function, h,, invariant under the dihedral group D4,
h,(x1, x2)= |x1x2||x21 − x22 |.
Let Di , i = 1, 2, denote Dunkl’s operators associated with h,
D1 = 1 + 1− 1
x1
+ 
(
1− 1
x1 − x2 +
1− 2
x1 + x2
)
,
D2 = 2 + 1− 2
x2
+ 
(
1− 1
x1 − x2 +
1− 2
x1 + x2
)
,
where i denote the ordinary partial derivatives, 1f (x1, x2)= f (−x1, x2), 2f (x1, x2)= f (x1,−x2),
1f (x1, x2)= f (x2, x1), 2f (x1, x2)= f (−x2,−x1). LetPdn denote the space of homogeneous polyno-
mials of degree n in d variables. The intertwining operator V is a linear operator, V : Pn → Pn, uniquely
determined by
V 1= 1, DiV = V i , i = 1, 2.
Problem. Find an integral formula for Vf (x1, x2).
Such a formula, if it exists, will have important applications. See [1] for further background. In some
special cases, an integral formula of V is known.
The case = 0: h(x1, x2)= |x1x2|.
Vf (x1, x2)=
∫ 1
−1
∫ 1
−1
f (x1t1, x2t2)(t1)(t2) dt1 dt2,
where (t)= c(1+ t)(1− t2)−1.
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The case = 0: h(x1, x2)= |x21 − x22 |.
Vf (x1, x2)=
∫ 1
−1
∫ 1
−1
f

(x1, x2)


s1 + s2
2
s1 − s2
2
s1 − s2
2
s1 + s2
2



(s1)(s2) ds1 ds2,
A formula for 〈x, y〉2n: this formula is given in [2] as a 5-fold integral. However, it is likely that the
formula is not in the right form. The starting point there, was looking for a “product” formula for the
Jacobi polynomials, written in terms of the Gegenbauer polynomial,
P
(−1/2,−1/2)
n (cos 4)P
(−1/2,−1/2)
n (cos 4)= cV
[
C
+
4n (〈y, ·〉)
]
(x)
where x = (cos , sin ) and y = (cos, sin).
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